We consider the problem of guillotine cutting a rectangular sheet into rectangular pieces with two heights. A polynomial time algorithm for this problem is constructed.
Introduction
The problems of rectangular packing and cutting are difficult problems of discrete optimization (for references see [1] ). For example, the computational complexity of the problem of packing in a rectangular sheet ( ) n of rectangles ( ) 2 ,1 a , 3 n of rectangles ( ) 3 ,1 a into a rectangle ( ) , A B is equivalent to a problem MSP3 (the problem of packing bins with three lengths), for which the existence of polynomial algorithm is an unsolved problem of the schedulling theory so far [7] . We consider the problem of optimum (i.e with the minimum trim lost) guillotine cutting a rectangle ( ) , A B into rectangles with two heights ( ) , ; , , , 
 
This paper is organized as follows: In Section 2, we consider the properties of a knapsack polygon (the convex hull of the set of feasible solutions of a 2-dimensional knapsack problem). Section 2 is auxiliary for Section
Some Properties of a Knapsack Polygon
The set of feasible solutions of a knapsack problem plays an important role for problems of guillotine cutting. In a 2-dimensional case, this set is presented as: 
, then it is easy to see, that 0,
is a singular triangle-an interval, connecting points ( )
Let nonzero vertices of A P are sorted by increasing x-coordinates.
Then the first vertex is ( )
, X Y be the second nonzero vertex of A P . Then 1 1 , ,
where A P′ is defined as: 
. Applying an induction, we obtain required representation.
Remark. This representation follows from a well-known representation of a convex polygon up to translation by the set of its sides sorted in counter-clockwise or clockwise order [8] . Note also that the Minkowski sum of two polygons can be presented by the union of their sides up to translation.
It is easy to establish the following recurrent equations, connecting coordinates of vertices and parameters of right triangles in the above representation: 
The similar possibility of further decomposition appears in the case, when boundary of a knapsack polygon besides vertices contains also other points of an integer lattice 2 . Z + Consider an example of a knapsack polygon: 
then we have the next formula for the set of feasible solutions in a 2-dimensional knapsack problem:
A knapsack polygon is characterized by a triplet of integer non-negative numbers ( ) 
Neighboring Farey fractions of a b [9] : Suppose on the contrary that there exists a triplet ( )
, , . ax by ab ra sb x y Z + ⇔ + ≤ + + ∈
Because points The equivalence of Inequalities (4) and (5) shows a possibility of decreasing the parameters of Inequality (4) , x b r y s a = + =− . Then (7) is carried out: The lemma is proved.
Main Results
It appears that considered problem of optimum guillotine cutting can be decomposed into two subproblems. The following theorem is valid. 1  1 1  1  1 2  2   ,  ; , , ,  , 
Theorem 1 Let
, A r r b − we can receive optimum cut ( ) 
, A s b . Then according to the theorem we have the cut 
Proof. The proof is standard and can be omitted. Knapsack problem (8) in the case of fixed sets 1 2 , I I can be solved by the well known polynomial algorithm of Lenstra [6] for integer linear programming. Therefore, next lemma is valid. Uniting all results we obtain the following theorem. 
